A method is proposed for rigid-flexible multibody dynamic modeling of concrete placing booms, to improve the calculation efficiency and ensure the accuracy. Concrete placing booms consist of four types of substructures, according to the slender rods and the mechanism features. The transfer matrixes of substructures are derived based on the discrete time transfer matrix method. Then, the manipulator's overall transfer matrix is assembled and used for the numerical calculation. An experiment based on a test rig is performed to validate the proposed method, and a model based on ADAMS (short of MSC.ADAMS) is also established to compare the calculating efficiency of the proposed method.
Introduction
A Concrete placing boom is a large flexible manipulator used for placing liquid concrete in construction sites. In order to satisfy the civil engineering requirements, concrete placing booms become longer and longer, and the longest had reached 101 m in 2013. The manipulator, consisting of a series of slender rods and complex mechanisms, could be of high flexibility and low damping. Thus, considerable structural stress, hydraulic pressure fluctuation and vibration at the tip will be produced during operation. Therefore, a numerical method to efficiently simulate the dynamic performance of the manipulator is desirable, for the application of predictive control [1] , real-time simulation [2] , intelligence [3, 4] and fault diagnosis [5] .
Dynamic modeling methods for concrete placing booms or the similar flexible manipulators have been proposed to deal with different problems. Cazzulani G. et al. proposed a virtual prototype model and analyzed the dynamic performance of a concrete placing boom test rig. With the proposed model, they studied a negative derivative feedback control strategy to suppress the vibration at the boom tip [6] [7] [8] , and researched on problems of the manipulator's health monitoring [9] . Oliver Lenord et al. studied the dynamic performance of a controlled hydraulically driven elastic manipulator based on an interdisciplinary model [10] . Heinze established an experimentally verified model for hydraulic crane boom and studied the trajectory tracking control strategy based on PID control theory [11] . Liu et al. established a model of truck mounted concrete pump boom based on Lagrange formula for tip trajectory synthesis [12] , and proposed a flexible dynamic modeling method using the kineto-elastic-dynamics technique [13] . Sun X. et al. compared the efficiency of open-loop and closed-loop control methods on the vibration reduction of the booms [14] . Ren W. et al. studied the tip vibration of different working conditions basing on transfer matrix method, where the stiffness of hydraulic cylinder and clearance gap is especially taken into account [15] .
Based on traditional kinetic theory, explicit functions of a multibody dynamic model of the manipulator could be derived. Such an explicit model is efficient and it is especially useful in the manipulator's optimal design and automation control. However, the equation derivation of the model is cumbersome, while an over-simplified model can hardly describe the complexity of a real mechanism. Therefore, a new method is desired, not only to keep the features of slender rods and complex mechanisms but also to establish a rigid-flexible model conveniently.
In 1998, Rui proposed a discrete time transfer matrix method for dynamics analysis of multibody system. The method, which combined the transfer matrix method with the numerical integration procedure, retained the high computing efficiency of the transfer matrix for chained systems [16] . Then the method was gradually developed for rigid-flexible multibody dynamics [17] [18] . Due to the advantage of computational efficiency, this method was applied to many mechanical engineering fields, such as shipboard gun system [19] and self-propelled artillery system [20] . Li developed a computing method to improve the accuracy [21] . Rong performed the real-time simulation based on this method [22] and applied it to the study of spatial structures [23] .
The aim of this paper is to propose an accurate and efficient dynamic modeling method, which can adapt to any types of concrete placing boom. For this reason, at first, the manipulator is divided into several substructures based on its structural feature [24, 25] . The substructures, where the stiffness and damping of hydraulic cylinders [26] are taken into account and the features of slender rods and complex mechanisms are retained, are regarded as units, which are the foundation for the manipulator's modular modeling. Then, the transfer matrixes and transfer equations of each substructure are obtained according to the discrete time transfer matrix method. Since a substructure is treated as a unit, the manipulator can then be regarded as a chain system. Thus, the overall transfer matrix can be directly assembled based on the transfer matrixes, and used for calculating the movements and tip vibration of the booms.
Physical model
A concrete placing boom consists of a variety of link mechanisms, which are made up of booms, links and hydraulic cylinders. Generally, there are two types of mechanisms in the manipulator: slider crank mechanism and six-bar mechanism, as shown in Fig. 1 .
The slider crank mechanism is defined as substructure A, and the sixbar mechanism is defined as substructure B. According to the difference of the connection points in each link, substructure B is further defined into three subcategories -both links of substructure B 1 are two-force members, while the left link of substructure B 2 is a three-force member, and the right link of substructure B 3 is a three-force member.
Therefore, each type of concrete placing boom can be treated as a chain of substructures and transformed into A + B i + B j + … (i, j… = 1, 2, 3).
Dynamic modeling

State vector
The state vectors at the connection points between rigid elements and hinges moving in plane are defined as:
where x and y are the position coordinates at the connection point with respect to the inertial reference frame, θ is the orientation angle rotating in the frame; M, q x and q y are the corresponding internal torque and internal forces in the same reference frame, respectively. The "1" is a constant term, which is used to transfer the time invariant part in numerical computation. The positive direction of input end is along the coordinate while the positive direction of output end is against the coordinate.
The state vectors of flexible bodies are defined as:
where the q Fig. 2 , the substructure A contains eight elements, SA_0 is the input end and SA_9 is the output end. SA_1-2 and SA_5 are rigid bodies while SA_3 is a drive element, SA_4 is a elastic hinge, SA_7 is the element of Euler-Bernoulli beam, SA_6 is a rigid to flexible hinge, whose outboard body is flexible body and inboard body is rigid body, SA_8 is a flexible to rigid hinge, while the outboard body is rigid body and the inboard body is flexible body. P 1 is the connection point and the arrow shows the transfer direction. All transfer matrix U α (α is element's ID) in this article can be found in Refs. [16] [17] [18] [19] [20] [21] [22] [23] . The transfer equations of each branch in substructure A are
The relationship between displacements and forces at point P 1 can be written as follows:
Combining Eq. (3) with (4) yields Eq. (5). where E β (β = 1, 2, 3, 4, 5) are the transformation matrixes.
½ ; (3) with (5) can obtain the transfer equation.
The matrix format of Eq. (7) can be written as follows:
Transfer equation and transfer matrix of substructure B 1
In substructure B 1 , SB_0 is the input end and SB_13 is the output end. SB_1-3, SB_7 and SB_10-12 are rigid bodies while SB_8 is a drive element, SB_9 is a elastic hinge, SB_5 is the element of Euler-Bernoulli beam, SB_4 is a rigid to flexible hinge and SB_6 is a flexible to rigid hinge (Fig. 3) . P 1 -P 5 are five connection points. For the same deviation method of Eq. (3), the transfer equations of branches can be written as Eq. (8).
According to the equilibrium of the displacements and forces at P 1 -P 5 , similar with Eqs. (4) and (5), five groups of equations can be obtained:
where
Combining Eq. (8) with (9) , via the same derivation method of Eq. (5), one can obtain Thus, the transfer matrix and the state vector can be obtained 
Transfer equations and transfer matrixes of substructure B 2 & B 3
According to Fig. 4 , nearly all the symbols are the same as in substructure B 1 , except SB 2 _11 and SB 3 _12, which are rigid bodies of one input end and two output ends. There is one more connection point P 6 than in substructure B 1 . So Eq. (12) is the extra transfer equation to Eq. (8) . In this section only the transfer matrix of substructure B 2 is derived as a reference sample.
Where the first output end O 1 connects to P 1 and the second output end connects to P 6 .
So the transfer equation of SB 2 _11 (the same to SB 3 _12) can be written as 
Combining Eqs. (12)- (16) with the similar method as Eq. (11), one can obtain 
Assemble substructures
As defined before, a concrete placing boom is made up of one substructure A and several substructures B. According to the equilibrium of forces (moments) and displacements (angles) at the connection points between two adjacent substructures, the overall transfer matrix and transfer equation can be assembled. Thus, the overall state vector can be assembled by the state vectors of substructures directly. Due to the matrix sizes of different substructures are not the same, two cases of connection status are studied separately.
The connection between substructure A and substructure B
There is one connection point when the Z O,SA_8 of substructure A connects with the Z I,SB_1 , Z I,SB_5 of substructure B. Thus, the equilibrium equation at this point can be obtained
Since the size of transfer matrix of substructure B 1 is different from the size of substructure B 2 (or B 3 ), there are two cases about the transfer matrixes.
The connection between substructures B
A manipulator contains several substructures B. So the equilibrium equation at the connection point, which connects one substructure B with the adjacent substructure B′, can be obtained.
As there are two matrix sizes of substructure B, therefore, similarly with the derivation process of Eq. (19) , there are four cases: B 1 + B′ 1 , B 1 + B′ 2(3) , B 2(3) + B′ 1 , B 2(3) + B′ 2(3) .
Where Therefore, any concrete placing boom or the similar manipulator can be assembled with this method.
Simulation and verification
In order to validate this modeling method, an experiment based on a test rig of concrete displacing boom is performed. As shown in Fig. 5 , the test rig is 13.46 m long and driven by four hydraulic cylinders. The test system of the rig consists of the following instrument and sensors:
• A 24-channel DEWETRON dynamic data acquisition equipment.
• Four acceleration sensors. It is the piezoelectric acceleration sensor with the test range between 0.5 and 6000 Hz. The sensors are placed at the tip of each boom and used to test the acceleration in the direction perpendicular to booms.
• Two pressure sensors. The model is AST4000, accuracy b ±0.5% BFSL, and the sampling frequency is 1000 Hz. Considering that hydraulic cylinder II is believed to carry the worst working condition, the sensors are installed at the inlet and outlet of the hydraulic cylinder II and used to test the oil pressure in the two chambers.
• Four CAN bus tilt sensors. The model is SANG5000, which is a type of single-axis tilt sensor, and the sampling frequency is about 20 Hz. The sensors are used to test the inclined angle of each boom. However, the signal of this type tilt sensor can only range between −180 and 180°. Thus, the test results of rotation angle over-range will be processed to ensure the data continuity.
Meanwhile, a model based on MSC.ADAMS, which is the world's most widely used multibody dynamics software, is also established to validate the accuracy and efficiency of the proposed method. The ADAMS model is substantially the same as the numerical model, of which the links are rigid bodies and each of the hydraulic cylinder is equivalent to a spring damper combining with two rigid bodies. The only difference is that the four booms are wholly meshed as flexible body in ADAMS, while the slender part of each boom is regarded as flexible body in the numerical model.
Numerical simulation
According to the proposed modeling method, this test rig can be divided into four parts as A + B 1 + B 1 + B 3 , and the overall transfer matrix and transfer vector can be obtained as 
The main parameters of the test rig at the horizontal condition are listed in Tables 1 and 2 .
As the flexible beam elements of booms are modeled according to Euler-Bernoulli beam theory, the structural damping is ignored. The stiffness of each boom is associated with the Young's modulus 'E', cross sectional area 'A' and area moment of inertia 'I', which are listed in Table 3 .
The hydraulic cylinder is modeled as rigid bodies connect with a spring damper. The spring stiffness is calculated based on the equivalent stiffness of oil in two chambers, and the damping coefficient is obtained by the empirical formula [26] .
In order to validate the numerical method, the motion function of the numerical simulation should be the same with the experiment one. However, the test rig is not designed for automatic control with an input motion function. Thus, the process is designed as the following steps. At first, we measure the length of each hydraulic cylinder at folded condition. Secondly, drive the test rig from the folded condition to a working condition and record the time of each motion. Then measure the length of each hydraulic cylinder again. Finally, calculate the distance and average velocity of each hydraulic cylinder with the record (Table 4) . Unit (kg). The fourth link(R) is a three-force member, so two dimensions and two mass parameters are used to describe it.
Table 3
Damping coefficient and stiffness parameters of each boom and hydraulic cylinder. Thus, the record can be transformed into motion functions for the numerical simulation and ADAMS.
Verification
In numerical simulation, the result is sensitive to the integration step size. For this reason, three different trial step lengths have been tried. The trial computation and test results of the rotation angles of boom IV are shown in Fig. 6 . Fig. 6 illustrates that within the three trial steps, the numerical simulation results are acceptable as the maximum deviation is below 1%. The result of the test match well with the numerical simulation, of which the maximum difference is about 15°, the deviation is 2.7%. The deviations, apart from the effect of step length, may arise in three cases: 1, the operation of experiment is not consistent completely with the motion functions; 2, the difference between the booms' design dimensions and the actual dimensions; 3, the existence of disturbance and sensor noise.
To compare the computational efficiency, the integration step sizes are set to 0.02 s for both models of the proposed method and the ADAMS software. In this case, the ADAMS model takes 174.53 s while the proposed model only costs 50.64 s. So it is evident that the proposed method is more computationally efficient than most widely-used multibody software ADAMS for the chain-like system.
The boom IV's rotation velocity has been compared with the results from ADAMS and is shown in Fig. 7 .
It can be seen from Fig. 7 (a) that the result of ADAMS agrees well with the numerical simulation. According to Fig. 7(b) , the numerical result shows the same trend with the experiment one, except the third stage (from 65 s to 90 s). The diversity may mainly be introduced by the difference between motion functions and the manual control. Other noises of the experimental results may also be caused by the test system itself. Both the anti-jamming capability of this type sensor and the disturbance produced by the motor or the hydraulic pump should then be taken into consideration.
The acceleration at the tip is also meaningful to the study of the overall dynamic performance of the test rig. As shown in Fig. 8 , when a hydraulic cylinder starts or stops, the impact responses in the three sets of data have the similar amplitude and the same frequency. But the oscillations around 42 s and 77 s, which are also exist in Fig. 7(b) , do not occur in the results of both simulations. Besides, the noises appeared between 100 s and 110 s in the experiment seems to be unexplainable. A further check and analysis imply that the oscillations around 42 s and 77 s should be caused by the clearance gap between the boom III and boom IV. Because at the specific time, the boom IV is of vertical condition (upwards or downwards), as shown in Fig. 6 . And due to the gravity, the boom IV falls down and the oscillations are produced.
Nevertheless, the reason for glitches during 100 s to 110 s is different from the former, as the frequency and amplitude of these glitches are obviously much higher. It is because that the glitches are produced by hydraulic cylinder IV. During 100 s to 110 s, the movement of the hydraulic cylinder is in the same direction as its load. Combined with the unreasonable selection of the throttle valve, the hydraulic cylinder IV starts vibrating.
Apart from the kinematics results, the force of hydraulic cylinder II is also taken into consideration. Since the force cannot be obtained directly, it is calculated based on the hydraulic pressure of the two chambers of the hydraulic cylinder II. Fig. 9 shows that the force of numerical simulation matches well with the ADAMS. The experimental result of test rig has the similar trend, while the maximum deviation is about 10%. During the second stage and the third stage, there is a slope difference, which should result from the distinction between simplified model and the test rig of the dimension, mass and mass moment of inertia of parts or the loads such as cables and hydraulic oil tubes, for the mass of all cables and tubes is about 15 kg.
Conclusion and future research
This paper proposed an accurate and efficient method for rigidflexible multibody dynamic modeling on concrete placing boom and similar manipulators. The specific manipulator is treated as a chain of four typical substructures. The transfer matrixes of the four typical substructures are presented and the assembly method for the overall transfer matrix is also implemented. A test rig is modeled with both the proposed method and ADAMS software. The comparison of the two different models strongly validates the accuracy and efficiency of the proposed method. It is also shown that the results of angle and rotation velocity from the proposed method agree well with the experiment test data, while the rotation velocity is nearly the same as the result of ADAMS. The acceleration and the force of simulation follow the same trends as the test, except for some unexpected noises in the test. After a careful checking of the rig for the glitches and oscillations, a design flaw of this test rig was found.
The main focus of the future work will be to apply this method to numerical simulation in the on-board computer, in order to enhance the level of automation of concrete placing boom.
